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Abstract. In this paper we prove that on a smooth algebraic variety the HKR-morphism 
twisted by the square root of the Todd genus gives an isomorphism between the sheaf of 
poly-vector fields and the sheaf of poly-differential operators, both considered as derived 
Gerstenhaber algebras. In particular we obtain an isomorphism between Hochschild coho- 
mology and the cohomology of poly- vector fields which is compatible with the Lie bracket 
and the cupproduct. The latter compatibility is an unpublished result by Kontsevich. 

Our proof is set in the framework of Lie algebroids and so applies without modification 
in much more general settings as well. 
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1. Introduction 

In the body of the paper we will work over a ringed site over a field of charactristic zero k. 
Thus our results are for example applicable to stacks. However in this introduction we will 
state our results for a commutatively ringed space {X, Ox)- 

By definition a Lie algebroid on X is a sheaf of Lie algebras C which is an Ox-module and 
is equipped with an action C x Ox Ox with properties mimicking those of the tangent 
bundle (see §4.2 for a more precise definition). Throughout C will be a locally free Lie 
algebroid over {X, Ox) of constant rank d. 

The advantage of the Lie algebroid framework is that it allows one to treat the alge- 
braic/complex analytic and C°°-case in a uniform way. 

Example 1.1. The following are examples of (locally free) Lie algebroids. 

(1) The sheaf of vector fields on a C°°-manifold. 

(2) The sheaf of holomorphic vector fields on a complex analytic variety. 
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(3) The sheaf of algebraic vector fields on a smooth algebraic variety. 

(4) Ox ® fl where q is the Lie algebra of an algebraic group acting on a smooth algebraic 
variety X. 

Example 1.2. Assume that X is an afiine integral singular algebraic variety. Then Tx is 
not locally free. However it is always possible to construct a locally free sub Lie algebroid 
C C 73s:. So our setting applies to some extent to the singular case as well. 

The Atiyah class A{L) of L is the element of Ext^(£, C* iS)x C-) which is the obstruction 
against the existence of an ^-connection on C. The i'th (/ > 0) scalar Atiyah class Oi(£) is 
defined as 

AltTr(A(/:)*) e H'{X,{^}Cy) 

In the C°° or afRne case we have ai{C) = as the cohomology groups H^{X, (A*£)*) vanish. 
If X is a Kahler manifold and £ is the sheaf of holomorphic vector fields then ai{Tx) coincides 
with the f'th Chern class of 73f (see e.g. [18, (1.4)]). 
The Todd class of C is defined as 

td(£) = dei{q{A{C))) 

where ^ 

One sees without difficulty that td(£) can be expanded formally in terms of ai{C). 

The sheaf of £-poly- vector fields on X is defined as T^oiyi^x) = ®^A'C. This agrees with 
the standard definitions in case C is one of the variants of the tangent bundle described in 
the examples above. It is easy to prove that T^[y(Ox) is a sheaf of Gerstenhaber algebras 
on X. 

In the case that X is a C°°-manifold Kontsevich introduced the sheaf of so-called poly- 
differential operators on X. This is basically a localized version of the Hochschild complex.^ 
It is straightforward to construct a Lie algebroid generalization Dp^^y{Ox) of this concept 
as well (see [3] or §4.2.2). Like T^^^^^.iOx), -C^poiy(^x) is equipped with a Lie bracket and 
an associative cupproduct but these operations satisfy the Gerstenhaber axioms only up to 
globally defined homotopies (sec e.g. [15]). 

The so-called Hochschild-Kostand- Rosenberg map is a quasi-isomorphism between T^j^ (Ox) 
and £'pQiy(Cx) [3, 39]. This paper is concerned with the failure of the HKR-map to be com- 
patible with the Lie brackets and cupproducts on T^^^^{Ox) and D^oiyi^x)- 

Let D{X) be the derived category of sheaves of fc-vector spaces. This category is equipped 
with a symmetric monoidal structure given by the derived tensor product. As indicated above 
L)pQ[y(X) is a Gerstenhaber algebra in D{X). We have the following result 

Theorem 1.3. (see ^10) The map in D{X) 

n n in \ HKRo(td(£)^/''A-) . 

is an isomorphism of Gerstenhaber algebras in D{X). 

Applying the hypercohomology functor IH[*(X, — ) we get 
Corollary 1.4. The map 

(1.2) W{X, V£) "^^°(^'^(^)-"^-). H*(X, <,,(Ox)) 

is an isom,orphism. of Gerstenhaber algebras. 



^It is not entirely trivial to make the Hochschild complex into a (pre)sheaf as the assignment U 
C*(r(C/, Of/)) is not compatible with restriction. 
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Let us restrict to the setting where X is a smooth algebraic variety and L — Tx ■ In that 
case it follows from the proof of [34, Thm 3.1(1)] together with [22, Thm 7.5.1] that the 
righthand side of (1.2) can be viewed as the Hochschild cohomology HH*(X) of X (in the 
sense that it controls for example the deformation theory of Mod(Ox))- So we may rephraze 

Corollary 1.4 as 

Corollary 1.5. There is an isomorphism of Gerstenhaber algebras 

(1.3) ^H^{X,A'Tx) »'^^°(^'^(^)^^^^-). HH*(X) 

A version of this result which refers only to the cupproduct was proved by Kontsevich (see 
[7, Thm 5.1]). For the cupproduct one can use Swan's definition of Hochschild cohomology 

[30] 

(1.4) UW{X)=E^t),^x{Ox,Ox) 
as Yekutieli [38, 39] shows that there is an isomorphism 

(1.5) M\X, DpoiyiOx)) ^ Ext^^^f (0x, Ox) 

which is compatible with the cuppproduct on the left and the Yoncda product on the right. 

Remark 1.6. The algebra isomorphism (1.3) is part of a more general conjecture by Caldararu 
[7] which involves also the Hochschild homology of X. Other parts of this conjecture were 
proved by Markarian and Ramadoss [24, 27]. 

Remark 1.7. The cupproduct on T^^iy{Ox) and D^^iy{Ox) is Cx-hnear and hence these 
objects can also be considered as algebras in D{Mod{Ox))- Likewise the map (1.1) can be 
viewed as an isomorphism in D{Mod{X)). 

The cupproduct on T^^iy{Ox) is commutative and the cupproduct on i^poiy(^x) is com- 
mutative up to a homotopy given by the bullet product [15]. However the latter is not 
£>jjf-linear. Hence D^^i^{Ox) is not commutative in D{Mod{Ox)) and thus Theorem 1.3 
does not hold in D(Mod(C'x)) even if wc consider only the cupproduct. 

This situation is reminiscent of the Duflo isomorphism Sq ^ Uq which only becomes an 
algebra isomorphism after taking invariants. The analogue of taking invariants in our setting 
is taking global sections. 

We thank Andrei Caldararu for bringing this point to our attention. 

If we look only at the Lie algebra structure we actually prove a result which is somewhat 
stronger than Theorem 1.3. Let HoLieAlg(X) be the category of sheaves of DG-Lie algebras 
with quasi-isomorphisms inverted. 

Theorem 1.8. (see^7.4) The isomorphism (1.1) between T^^^^{X) andD^^i^{X) is obtained 
from an isomorphism in HoLieAlg(X). 

This theorem can be considered as a generalization of global formality results in [4, 11, 
12, 20, 34, 40]. Global formality on the sheaf level is important for deformation theory. See 
for example [5, 19, 21, 34, 40]. 

The isomorphism in HoLieAlg(X) is obtained by globalizing a local formality isomorphism 
[20, 31]. If we take Kontsevich's local formality isomorphism then we obtain compatibility 
with cupproduct in Theorem 1.3 from the compatibility of the local formality isomorphism 
with tangent cohomology [20, 23, 25]. Kontsevich's local formality isomorphism is only 
defined when the ground field contains R but this is not a problem since we show that it is 
sufficient to prove Theorem 1.3 over a suitable extension of the base field. 

An alternative approach to Theorem 1.3 could be to work directly in the setting of Goo- 
algebras. Unfortunately it is unknown if Kontsevich's Lcxa-morphism can be lifted to a 
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Goo-morphism. In [6] wc will use Tamarkin's local Goo-formality isomorphism to construct 
a Goo -quasi- isomorphism between Tp^^y{X) and D^^iy{X). In the case that £ is a tangent 
bundle this was proved recently in [14] using very different methods. Like in [14] we are 
unfortunately not able to write down the resulting isomorphism on hypercohomology. Thus 
in this way we obtain a result which is less precise than Corollary 1.5. This is why we have 
decided to publish the current paper separately. 

2. Acknowledgement 

This paper is hugely in debt to Kontsevich's fundamental work on formality. In particular 
without the many deep results and insights contained in [20] this paper could not have been 
written. 

Our proof of the global formality result Theorem 1.8 follows the general outline of [34] 

which in turn was heavily inspired by [40] . Wc use in an essential way an algebraic version 
of formal geometry. Algebraic versions of formal geometry were introduced independently 
and around the same time by Bezrukavikov and Kaledin in [2] and Yekutieli in [40]. The 
language we use is closer to [40]. As a result various technical statements can be traced back 
in some form to [40] . 

We wish to thank Andrei Caldararu, Vasiliy Dolgushev, Charles Torossian and Amnon 
Yekutieli for useful conversations and comments. 

3. Notations and conventions 

Throughout this paper A; is a field of characteristic zero. Unadorned tensorproducts are 
over k. 

Many of the objects we use are equipped with some kind of topology, but if an object 
is introduced without a specified topology we assume that it is equipped with the discrete 
topology. 

If an object carries a natural grading then all constructions associated to it are implicitly 
performed in the graded context. This applies in particular to completions. 

Since all our constructions are natural in the sense that they do not depend on any choices 
we work mostly with rings and modules instead of with sheaves since this often simplifies 
the notations. However we freely sheafify such construction if needed. 

On a double (or higher) complex we use the Koszul sign convention with respect to total 
degree. 

4. Preliminaries 

4.1. Categories of vector spaces. Below we will work with various enhanced symmetric 
monoidal categories of /c- vector spaces. Which category we work in will usually be clear from 
the context but in order to be precise we list here the various possibilities. 

4.1.1. Complete topological vector spaces. For us a complete topological vector space V will 
be a topological vector space whose topology is generated by a separated, exhaustive de- 
scending filtration V = FqV D FiV D ■ ■ ■ . This filtration is however not considered as part 
of the structure. 

The completed tensor product 

V^W = proj \iia{V (g) W/{FpV (EiW + V(E, FpW)) 
p 

makes the category of complete topological vector spaces into a symmetric monoidal category. 
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4.1.2. Filtered complete topological vector spaces. A filtered complete topological vector space 
is by definition a topological vector space V, equipped with an ascending separated, exhaus- 
tive filtration F"^V (which is considered part of the structure) such that each F'^V is a 
complete topological vector space and the inclusion maps F™V ^ F™^^V are continuous. 

The (completed) tensor product of two filtered complete topological vector space V and 
W is defined by 

F"'{v^w)= ppy^Fiw 

p+q—m 

(where the summation sign refers of course to convergent sums). 

4.1.3. Graded filtered complete topological vector spaces. Graded filtered complete topological 
vector spaces are the most general objects we will encounter below. These are simply graded 
objects over the linear category of filtered complete topological vector spaces. The DG- 
Lie algebra of poly-differential operators of k[[ti, . . . ,td]] (see below) is naturally a DG-Lie 
algebra over the category of graded filtered complete topological vector spaces. 

4.2. Lie algebroids. Below i? is a commutative fc-algebra and i is a Lie algebroid over R 
which is free of rank d. Namely, L is a Lie /c-algebra equipped with an i?-module structure 
and a Lie algebra map p : L ^ Der(i?) such that [h, rla] = r[Zi, Z2] + p{h){r)l2 for li,h & L 
and r G R. pis called the anchor map and we usually suppress it from the notations writing 
l{r) instead of p{l){r) {I E L^r E R). In particular, R®L becomes a Lie algebra with bracket 

given by [(r, 0, (r', 0] = (UO - ^'(r)J^, n)- 

Associated to L there are various constructions which are analogous to constructions oc- 
curring for enveloping algebras and rings of differential operators. In the next few paragraphs 
we fix some notations for them and recall the properties we need. For more information the 
reader is referred to [3, 4, 26, 37]. 

4.2.1. The enveloping algebra of a Lie algebroid. Let UL be the enveloping algebra associated 
to L. It is the quotient of the enveloping algebra associated to the Lie; algebra i? ® L by 
the following relations: r ® I = rl {r & R, I & R ® L). If we want to emphasize R then 
we write UrL. UL has a canonical filtration obtained by respectively assigning length 
and 1 to elements of R and L. We equip UL with the left i?- module structure given by the 
natural embedding R^ UL and we view C/L as an i?-bimodule with the same left and right 
structure. For this bimodule structure UL is a cocommutative i?-coring in the sense that 
there is a natural cocommutative coassociative comultiplication A : UL UL (gifl UL and 
counit e : UL R. Assuming the Sweedler convention the comultiplication is defined by 

A(/) = / ® 1 for / e i? 

A(;) =1®1 + 1®1 iovl&L 

A{DE) = £'(i)£^(i) D^2)E(2) for D,E eUL 

Note that it requires some verification to show that this is well defined. To do this note that 

UL (g) /(• UL is a right UL ® t/L-modulc in the obvious way. One proves inductively on the 
length of D, expressed as a product of elements of L, that vaUL iS)r UL one has 

(I)(l)®I)(2))(/(^l-lO/) = 

for / in R. It follows immediately that if E' E" e UL (g)/? UL then 
(D(i) (g £»(2)) • {E' (g E") =^ D^i^E' (g D(^2)E" 

is well defined. 

There is a unique way to extend the anchor map into an algebra morphism p : U{L) 
End(i?). As before we write D{r) instead of p{D){r) {D & UL, r € R), and then the counit 
on UL is given by 

e{D)=D{l). 
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UL is a so-called "Hopf algebroid with anchor" [37]. As we are in the cocommutative case 
this is expressed by the property 

%)(/)%) {f€R,D&UL). 

4.2.2. L-poly-vector fields and L-poly-differential operators. T^^i^{R) is the Lie algebra of L- 

poly-vector fields [3]. I.e. it is the graded vector space Ai?(iv)[l] equipped with the graded Lie 
bracket obtained by extending the Lie bracket on L. We equip T^^iyi^) ^^^^ standard 
cupproduct (which is of degree one with our shifted grading). In this way T^^^y{R) becomes 
a (shifted) Gerstcnhabcr algebra. 

^poiy(^) is th'^ DG-Lic algebra of i-poly-differential operators [3]. Le. it is the graded 
vector space Tr(C/L)[1] equipped with the natural structure of a DG-Lie algebra [3]. The 
Lie bracket on D^^^^{R) given by [Di,D2]g = £>i • £>2 - D2 • Di, where 

\Di\ 

Di • D2 = ^(-l)'l^=l(id®' (g) Al^^l ® id®l'°il-*)(£)i) • (1®' ® £>2 «) l®l^il-') . 

Let TO = 1 (g) 1 G D^^iy{R)i. Then the differential d on D^^^^{R) is given by 

d{D) = [to, -] . 

For the cupproduct we use the sign- modification by Gerstcnhabcr- Voronov [15]. This sign- 
modification is necessary to make the cohomology of D^^^^[R) into a (shifted) Gerstenhaber 
algebra. We put 

= (-l)l^ill^=l£)i(8)£)2 
There is a HKR-theorem relating T^^^y{R) and D^^^^{R) [3]. Namely the map 

(4.1) /z:/iA---A/„^(-l)"("-i)/2l 

defines a quasi-isomorphism between (Tj^iy(^),0) and {D^^^^{R),d) which induces an iso- 
morphism of shifted Gerstenhaber algebras on cohomology. Note that for this last fact to be 
true one needs the unconventional sign in (4.1). 

4.2.3. Algebraic functoriality. The formation of UL, T^^iyi^) ^^'^ -^poiy(-^) depends func- 
torially on L in a suitable sense. 

Definition 4.2.1. An algebraic morphism of Lie algebroids 

{R,L)^{T,M) 

is a pair {g, i) of an algebra morphism g : R ^ T and a Lie algebra morphism £ : L ^ M 
such that for any r £ R and any I € L, 

g(l{r)) = £{l){g{r)) and l{rl) = g{r)l{l) . 

For any algebraic morphism {R, L) (T, M) there are obvious associated maps 

UrL — > UtM , 

^lfoly(-^) * ^^ly(^) > 
^poly(^) K^y{T) , 

that are compatible with all algebraic structures. 
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4.2.4. Pairings, the De Rham complex and L- connections. Put L* = liomii{L, R). We 
identify A^L* with the i?-dual of A'^L via the pairing 

(4.2) (cTi A • • • A cr„,/i A • • • A/„) = det<j,{lj) . 

li T G L* then we denote contraction by r acting on A^L by r A — . I.e. 

r A (/i A • • • A Z„) = ^(-1)*- A • • • A fi A • • • A /„) 

i 

We make A^L into a AflL*-module by extending the — A — action. I.e. 

(n A • • • A r„) A (Zi A • • • A «„) = n A (ra A (• • • A (r™ A (/i A • • • A Q) ■■■)) 
An easy verification shows 

(4.3) ((Ti A • • • A (7„, A • • • A Z„) = {am+i A • • • A (7„, {am A • • • A cti) A (Zi A • • • A /„)) 

The Lie algebroid analogue for the Dc Rham complex is a DG-algebra which as graded 
algebra is equal to ArL*. With the identification (4.2) the differential on A^L* is given by 
the usual formula for differential forms [35, Prop 2.25(f)]: 
(4.4) 

n 

(L){lo, ...,ln) = '^{-iyii{w{lo, ...,k,..., lp))+'^{-iy+^u{[li, Ij], lo,...,li,..., tj, ...,ln)- 

i— i<j 

In other words the anchor map p : L ^ Derfc(i?) = Hom/{(ri)j, R) dualizes to a morphism of 
DG-algebras 

(4.5) p* : ^ ArL* . 

Prom (4.4) we deduce in particular {df){l) = l{f) for f G R, I G L, and if is an ii-basis 
of L then 

d{muij) = -iii[kj,]). 

In other words {ArL* ,d) completely encodes the Lie-algebroid structure of L. 

Remark 4.2.2. In the literature a morphism between Lie algebroids {R,L) — > {T,M) is 
usually defined as a morphism of DG-algebras i] : AtM* — > ArL* . See e.g. [8]. One could 
call such morphisms "geometric" to differentiate them from the algebraic ones we use. We 
have already encountered one geometric morphism, namely (4.5). 

If M is an i?-module then a L-connection on M is a map L^M^M: l^mi-^'Vi (m) 
with the following properties: for I, li, I2 G L, m G M, f G R we have 

Vi(/m) = Z(/)m + /Vi(m), 

V/;(m) = /V;(m). 

The connection is flat if in addition we have 

In that case M automatically becomes a left f/L-module. Moreover, if is a basis of L 
then we put a left A/jL*-DG-module structure on ArL* ®r, M by defining the differential as 

(4.6) V(w®m) =(iw(8)TO-|-^Z*a;® Vi.(m). 

i 

Recall that if C is a commutative i?-DG-algcbra then a flat connection on M is a derivation 
of square zero on C ®r M of degree one which makes C ^r M into a DG-C-module^. Thus 
V is a flat Ai{L*-connection on M. 



^We recall that if M is in a category of complete topological vector spaces then one has to write C ® M 



instead. 
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4.2.5. L-jets. Let {UL)<n be the elements of degree < n for the canonical filtration on UL 
introduced in §4.2. f. The L-n-jcts arc defined as 

J"L = }iomR{{UL)<„,R) 

(this is unambiguous, as the left and right i?-modules structures on UL are the same, see 
§4.2.1). We also put 

(4.7) JL = projlimJ"L. 

n 

We now formulate some properties of JL. Most of these properties hold for J"L as well. 
JL has a natural commutative algebra structure obtained from the comultiplication on U L. 
Thus for (j)i,<f)2 S JL, D e UL we have 

(</.1.^2)(i?) = </'l(£'(l)).^2(i5(2)), 

and the unit in JL is given by the counit on UL. It is well-known that JL has a lot of 
extra structure which we now elucidate. First of all there are two distinct monomorphisms 
of fc- algebras 

ai-.R^ JL:r^{D^ re{D)) , 
a2:R^ JL:r^ {D^ D{r)) . 

It will be convenient to write Ri = ai{R) and to view JL as an Ri — i?2-bimodule. 

Define e : JL R hy e{(f)) — </>(!) and put J'^L = kere. It is easy to see that e o ai = 
eo a2 = idij. We conclude that 

(4.8) JL = Ri® J' L = i?2 © J^L 

The filtration on JL induced by (4.7) coincides with the J'^L-adic filtration. If we filter JL 
with the J'^L-adic filtration then we obtain 

(4.9) grJL = SRL* 

and the i?i and iZ2-action on the r.h.s. of this equation coincide (here and below the letter 

S stands for "syninietric; algebra" ) . 

There are also two different commuting actions by derivations of L on JL. Let I G L, 
4>&JL,De UL. 

^siimD) = i{4>{D))-4>m 
^vimo) = <i>{Di) 

Again it will be convenient to write Li for L acting by *V. Then 'V defines a flat Lj- 
connection on JL, considered as an i?i-module. Thus JL becomes a ULi — C/_L2-bimodule 
(with both ULi and UL2 acting on the left). For some of the verifications below we note 
that the UL2 action on JL takes the simple form 

{D ■ ^){E) = <P{ED) 

(for D,E€ UL2, 4)GJL). 

The induced actions on gr JL = SrL* of Z G L, considered as an element of Li and L2, 
are given by the contractions i-i and ii. 

Example 4.2.3. In case R is the coordinate ring of a smooth affine algebraic variety and 
L = Derfc(i?) then we may identify JL with the completion of J? at the kernel of the 
multiplication map R®R^ R. The two action of R on JL are respectively R®\ and \(S)R. 

Similarly a derivation on R can be extended to R ® R in two ways by letting it act 
respectively on the first and second factor. Since derivations are continuous they act on adic 
completions and hence in particular on JL. This provides the two actions of L on JL. 
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As ^V/ acts by derivation on JL is its easy to sec that the resulting AijiL^-DG-module 
{Ar^L\ JL, ^V) (see (4.6)) is actually a commutative Aij^LI-DG-algebra. The following 
result is well-known. 

Proposition 4.2.4. The inclusion a2 ■ JL defines a quasi-isomorphism 

R — > /\R,Ll ®R,JL-r^ — > 1 ® a2{r) . 

Proof. It is easy to see that if r e i?2 then -^V(l (Sir) — 0. To prove that we obtain a quasi- 
isomorphism we filter JL by the J^i-adic filtration. We obtain the following associated 

graded complex 

(4.10) 0^ SrL* L* (Sr SrL* > Aj^L* (g> SrL* 

where the differential is given by — J2j ® for a basis {lj)j of L. It is easy to see that 
(4.10) is exact. □ 

4.3. Relative poly-vector fields, poly-differential operators and forms. 

4.3.1. Definitions. We need relative poly-differential operators and poly- vector fields. So 
assume that A B is a, morphism of commutative DG-fc-algebras. Then 



n 

i5poly,A(B)=0i?^oly,A(S) 



where T^^^y^Ai^) = /S^'b^ T)ex a{B) . Similarly D'^^^^ j^{B) is the set of maps with n + 1 
arguments B ■ ■ ■ B ^ B which are differential operators when we equip B with the 
diagonal B (E)a ■ ■ ■ ®a i?-algcbra structure. 

If we consider A and B just as algebras then Tpoiy, a{B) and £)poiy,A(-B) are DG-Lie 
algebras in the usual way. The differential on Tpoiy, a{B) is trivial and the differential on 
Dpo\y,A{B) is the restriction of the Hochschild differential. Wc denote it by dnoch- The 
differential ds on B induces a differential [ds, — ] on T'poiy a^^), ^poiy /i(^) which commutes 
with rfnoch on the latter. The total differentials on T^^^^ a{B) and D^o\y,AiB) are respectively 
[ds, -] and [ds, -] + rfnoch- 

Recall that one can also consider the DG-algebra ^b/a of relative differentials^. The 
differential is -|- ^dr- There is a contraction map between relative one-differentials and 
relative vector fields: it is defined as the B-linear map 

Q}b/a ® DerA(S) -^B:fdg®^^ f^{g) . 

4.3.2. Relation with L-jets. Let us begin by the observation that 

(4.11) L2^-DeTR,{JL):l^{0^^Wi{e)) 
is a Lie algebra morphism.^ 

Lemma 4.3.1. (4.11) yields a well-defined isomorphism of J L -modules 

(4.12) JL L2 Derfl, {JL) : (j) ®l ^ {6 ^ (j) ■ ^Vi{e)) . 

Proof. It suffices to check that this is the case for the associated graded modules for the 
J'^L-adic filtration, which is easy. □ 



^Here and in the rest of the paper the symbol "H" is used in the sense of continous differentials (since 
we usually deal with complete topological vector spaces). Sec [34, §5.4] for a more detailed discussion of 
continuous differentials in a slightly restricted case. There are no surprizes. 

"^Together with R2 — > JL this actually is an algebraic morphism of Lie algebroids. 
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Let Dn^{JL) be the ring of differential operators of JL relative to considered as 
a -R2-module. Since the L2-action on JL commutes with the iii-action we obtain a ring 
homomorphism 

(4.13) C/i2 ^ -Dfli {JL) : D ^ {6 ^ D{e)) . 

It is easy to check that together with R2 — > JL this gives a Hopf algebroid homomorphism 
{R2,UL2)^{JL,Dr,{JL)). 

Lemma 4.3.2. (4.13) yields a well-defined isomorphism of JL-modules. 

(4.14) JL (8>fl, UL2 Dr, {JL) ■.(j)®D^{e^ <t>D{6)) . 

Proof. It is easily verified that this map is well-defined. To prove that it is an isomorphism 
we extend the natural filtration on UL2 to a filtration on the l.h.s. of (4.14) and we filter 
the r.h.s. by order of differential operators. We then obtain a map 

JL SL2 = Sjl{JL ^r, L2) ^ SjL{'DevR,{JL)) 

which is induced from the natural map JL®r^ L2 Derij^ {JL). This map is an isomorphism 
by Lemma 4.3.1. □ 

Using again that the L2-action on JL commutes with the iii-action we obtain natural 
DG-Lie algebra morphisms 

Tpolyi^'^) ^poly,-Ri {JL) , 

(4.15) , 

^poly(^2)-Opoly,fl,(Ji). 

We obtain the following (see [40, Lemma 5.1(22)]): 

Lemma 4.3.3. The maps (4.15) induce well-defined isomorphisms of JL-modules. 

JL tX{R2) - Tpoiy,fl, {JL) 

JL D^^,y{R2) ^ DpolyMJL) . 

Proof. It easy to check that these maps are well-defined. As an example we prove that the 
second map is an isomorphism. We have isomorphisms of vector spaces 

DpoiyMJL) = Tjl{Dr,{JL))[1] = Tjl{JL ^r, UL2)[1] 

= JL ^R, Tr,{UL2)[1] = JL ^R, Dll,^{R2) . 

In the first line we have used Lemma 4.3.2. One now easily shows that the resulting isomor- 
phism JL (E)R2 D^oiyiR'^) — L>poiy, Ri{JL) is indeed the morphism given in the statement of 
the lemma. □ 

We also have: 

Lemma 4.3.4. Let C be a commutative Ri-DG-algebra. The canonical maps 

nL2 



{C JL) TX{R2) ^ TpolyMC ^R, JL) 
(4-16) , . r 

{C (^R, JL) ®R, I>X(^2) ^ Dpoly,c{C JL) 

obtained by linearly extending the canonical maps 

T^oly(^2)-rpoly,c(C^fl, JL) 

D%,{R2) ^ D^,,y^c{C ®R, JL) 

are well-defined isomorphisms. If JL carries a flat C-connection V which is compatible with 
the R2-action on C ^r^ JL then V (8) id on the left of (4.16) corresponds to [V, — ] on the 
right. 
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Proof. We restrict ourselves to the case of poly-differential operators. The case of poly- vector 
fields is similar. Using the fact that JL is formally smooth and formally of finite type over 
R we easily deduce that the canonical map 

C<8)fli £»poiy,fli(Ji) ^ Dpoiy,c{C %>R, JL) 

is an isomorphism. Combining this with Lemma 4.3.4 yields the required isomorphism. It is 
easily seen that this isomorphism yields the asserted compatibility for flat (7-connections. □ 

4.3.3. Differentials and L-jets. Let us introduce a Ji-linear map 

(4.17) ^jL/Ri (8>fl, Ll:(l)de^(i)®9 

with 6{l) =^ ^V;(^) for any I e L2. If we respectively denote (4.17) and (4.11) by u and v 
then by definition we have 

It then follows from taking the i?-dual of (4.12) that (4.17) is an isomorphism, and that the 
restriction L2 ^jl/Ri ^2 of its inverse fits into the commutative diagram 

(4.18) L2®^2 ^R2 ■ 



O^^/^^0Der«,(JL) > JL 

The next result follows by applying A(— ) to the inverse of (4.17) and is parallel to lemma 
4.3.1: 

Lemma 4.3.5. The maps R2 — > JL and L2 — > ^j^/r^ induce a DG-algebra morphism 

^^2-^2 ^JL/Ri 

that extends to an isomorphism JL(E)r^ AR2L2 ^.jl/Ri of JL-modules. This isomorphism 
is compatible with differentials if we put on JL^r^ f^R^L2 the canonical differential obtained 
from the L2 connection on JL. 

Proof. We may view (4.17) as an isomorphism between the Lie algebroids over JL given 
by JL (gjijj L2 and Derij^ {JL) where the first Lie algebroid structure is deduced from the 
L2-connection on JL. 

As a result we obtain an isomorphism between the corresponding DG-algebras: 

JL ^R, Ar,L* = /\{JL ^R, L*) ^ f\BerR,{JL)* = fi^^/^, 

JL .JL 

The statement of the lemma follows easily from this. □ 

We also have the following analogue of Lemma 4.3.4: 
Lemma 4.3.6. Let C be a commutative Ri- DG-algebra. The canonical map 
(4.19) (C ®R, JL) ®R, (Ar.l;) ^ r!c®„, JL/c 

is an isomorphism. If JL carries a flat C -connection V which is compatible with the R2- 
action on C <SiRi JL then V (8> id on the left corresponds to the differential d^ on the right. 

Here dC^ is characterized by the properties that it coincides with V on C ®r^ JL = 
JT ir^ and that it commutes with the De Rham differential. 

^ J L I O 

5. Coordinate spaces 
We keep the notations of the previous section. 
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5.1. The coordinate space of a Lie algebroid. The following definition is inspired 
by [40]. We define i?coord,L commutative i?i-algebra which trivializes JL, i.e. which 
is universal for the property that there is an isomorphism of ii'^°°'''^'^-algebras 

(5.1) t : iJ^^'-d.i ^j^^ JL ^ R''°°''^''^[[h, td]] 
such that JJ'^oo'-d.i' (g,^^ jcL jg mapped to {ti,...,td). 

For use below we give an explicit description of /jcoord,L Since we have assumed L to be 
free of rank d we may assume that 

JL = Ri[[xi, . . .,Xd]] 

where {xi)i is mapped to a basis of J L /{,]'-' L)'^ = L* . Let T be the polynomial ring over 
Ri in the variables yi^af-a^ where « = 1. . . . , rf, Oj G N and (oi, . . . , ad) ^ (0, . . . , 0). Then 
jjcoord,L -g ^j^g localization of T at det(yj^ej ) where Cj = (0, . . . , 1, . . . , 0) with the 1 occurring 
in the j'th place and t is given by 

(5.2) t{Xi)= yi,a,-ajr---t7 

i,ai-"ad 

Since jg universal any fc-lincar automorphism a of k[[ti, . . . , td]] yields a correspond- 

ing unique i?i-linear automorphism a of such that the combined automorphism 

(a, a) of iJcoord.L jj^^ , . . . , td]] leaves the image under t of JL pointwise invariant. Since Gld{k) 
acts on k[[ti, . . . , td]] we obtain a corresponding i?i-linear action of Gld{k) on /jcoord,L 
In fact if we write 

(5.3) ^coord.L ^Jl^^ ^'coord 

with 8''°°'"^ = A;[(yi,ai,...,aJ]dot(y,,.^.) then the Gld(fc) action on ij^o^d,!, jg obtained from 
a Gl(i(fc)-action on S'^°°'^'^ which preserves the finite dimensional vector spaces with basis 
{?/i,ai,...,ad I J2i = •''}■ Needless to say that the decomposition (5.3) depends on the choice 
of the generators {xi)i of J' L. 

It follows in particular that the Gl(i(fc)-action is rational. Hence we may consider the 
derived action of Qldi^) /jcoord,L r^j^^ action of Gld(fc) on k[[ti, . . . ,td]] also yields a 
derived action of g[,;(fc). The two actions of Qid{k) satisfy the following compatibility. 

Lemma 5.1.1. For v e 0td(fc) le-t Ly he the action v on . . . , t^]] obtained by 

linearly extending the action of v on fc[[ti, . . . , td]]- 

Let Ly be the action of v on . . . ,td]] obtained by linearly extending the action 

ofv on Then L^ + i„ is zero on t{JL). 

Proof. This is the derived version of the fact that Gld(fc) leaves t{JL) pointwise fixed. □ 

5.2. On some DG-algebras associated to coordinate spaces. 

5.2.1. The DG-algebra C™°'d,i. Put C^oo^d.L ^ f^^^^,^ ^^^^ Ar^L^ Using the DG- 
algebra structures on A^^Ll we see that (7coord,L jg naturally a commutative Aii^ if -DG- 
algebra. 

As we have not put any restrictions on R, the DG-algebras and fi^coord,!, may be 
enormous objects. However only their "difference" matters and this is controlled by (5.3). 
In fact from (5.3) we obtain a coordinate dependent isomorphism of DG-algebras 

We will now form the completed tensor product over ijcoord,L domain and codomain 

of the map (5.1) with (7coord,L ignoring the difl[erentials. For the domain we get 

(5.4) C''°°"^'^^Rcoor^,LR''°°"^''^^R,JL = C''°°'"^'^®R,JL = nRcooM,L^nn, {Ar^LI^r^JL) 
For the codomain we get 

^coord.L j^coord,I,[[^^^ ^ _ _ ^ ^ (Ocoord.I, [[^^ ^ ^ _ _ ^ 
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So we obtain an isomorphism of graded algebras 

Both domain and codomain of t carry a natural differential. The difFca-ential on (^coord.L jg,^^ 
JL is obtained by combining the ordinary differential on f2jjcoord,i- and the differential on 
AiJi-Lf JL using the right hand side of (5.4). The differential on C'"'°'"^'^[[ti, . . .,td]] is 
obtained from extending the differential on C'coord.L^ j^g^ (jgnote the resulting differentials 
by iv'^°°'''* and d respectively. 

The constructed differentials transform the obvious morphisms of graded algebras 

(Ocoord,I,^(Ocoord,I,[[^^^_ 

into morphisms of DG-algebras. 

By the middle equality in (5.4) iV'^°°'^*^ may be viewed as a flat C"^°°'''^'^-connection on 

JL. The map 

(5.5) (t o iV^°°^'^ ot^-d): . . .,td]] ^ C^°"'i'^[[ti, . . .,td]] 

is now a C"^°°'''^'^-linear derivation. 

Prom [34, §6.4] we obtain the existence of elements e C™°''^'^[[ti, . . . ,td]]i such that 

for 

(5.6) u = E'^'^ ^ ® Derfe(fc[[ti, . . . ,trf]]) 

i 

we have i o ly'^"™'^ o i'-^ = d + oj and furthermore w satisfies the Maurer-Cartan equation 

cL» + w] =0 

in (7=°°'-d.^0Derfe(fc[[ii,...,td]]). 

5.2.2. The Qld{k)-action on C'coord.L ^^^^ Maurer-Cartan form. We need the following 
result. 

Lemma 5.2.1. For v 6 *c derivation on (^coordx _ fj^^^^^^ 'X'On^ A/fii* 

obtained by linearly extending the contraction offtRoaovd.L with the action as Ri-derivation of 
V on i?™ord,i ^^j^ Extend iy to a map of degree -1 from 0"°°"^'^ ^Berk{k[[ti, td]]) 

to itself. Then we have 

(5.7) iyUJ = 1 (g) w 

where both sides are considered as elements of _Rcoord,L ^ Deik{k[[ti, . . . , td]])- 

Proof. We may prove (5.7) by evaluation on an arbitrary element g £ i?'^°°'''^'^[[ti, . . . , td]]. 
Since oj = ^^uji^d/dti) we have iy{uj) = '^^iy{u:ii){d/dti) and hence {iyUj){g) = iy{(jj{g)). 
Thus we need to show 

(5.8) iy O U = Ly 

as operators on R''°°'^'^'^[[ti, . . . , td]] (as in Lemma 5.1.1 Ly is the extension of the w-action 

on k[[ti, . . .,td]]). 

It is clear that R''°°"^'^[[ti, . . . ,td]] is topologically generated by i?™"d,L t{JL). Since 
the operators occuring are i?™°''^'^-linear it is sufficient to prove the identity 

(5.9) iyOU)Ot = LyOt 

as operators on JL. We may rewrite the l.h.s. of (5.9) as follows 

(5.10) iy0U)0t = iy0[d + Uj)0t — iy0d0t = iy0t0 lyCOOrd — L- Ot = Ly ot . 
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In the second equality we have used the Cartan relation Ly = doiy + iyod and the fact that 
the term d o acts as zero on R'^°°'^'^'^[[ti, . . . ,td]] (for degree reasons). We have also used 
(5.5). 

In the third equality we have used the fact that JL is mapped to An-^L^ (8)^^ JL under 
1 ycoord ^j^g jj^j^gg Qf AijjLJ (E)R, JL in (7™°"^^-^ (E> Derk{k[[ti, id]]) under t lies in the 
part generated by iJcoord.L ^j^^j Derfc(fc[[ii, . . . , td]]) and on this part iy is zero. □ 

5.3. The affine coordinate space of a Lie algebroid. We put R''^'^ = (ijcoord,L)Gid(fc) 
We easily verify from (5.3) that R''^'^ is of the form i?i « S''^ with S"^^ = (5coord)Gi<i(fe) 
furthermore S = k[{zi)i] for a set of (infinitely many) variables {zi)i. 

Below we will also use theDG-algebraC**^''^ = nij.tf.i,®a^ Ar.LI. Exactly as for C^°°"<i''^ 
one produces a flat C"**'^-connection on JL which we denote by ^V''^. Furthermore we have 
a coordinate dependent isomorphism of DG-algebras 

(5.11) c^'^ = ng.fi ar.li. 

Lemma 5.3.1. For any free R2-module M we have that 

M (C'^ff-^ JL, ^V^^) M 

is a quasi-isomorphism. 

Proof. Using the decomposition (5.11) we need to show that 

(5.12) M f^satt ® Ar^LI (I)r^ JL (g)H2 M 

is a quasi-isomorphism. We filter the r.h.s. of (5.12) with the J'^L-adic filtration. This 
means we have to show that 

M -> Ogaff O ArL* IglR SL* IglR M 

is a quasi-isomorphism. 

Using the proof of Proposition 4.2.4 we see that we may replace ArL* ^r SrL* by R. 
Furthermore since S'^^ is a polynomial ring we also find that Ogaff is quasi-isomorphic to k. 
Thus we are done. □ 

5.4. The universal property of the affine coordinate space. The affine coordinate 
space has a universal property, similar to (5.1). 

Proposition 5.4.1. There is a filtered isomorphism of R- algebras 

(5.13) i?^^'^ ®R JL ^ R""^^^ ®R SL* 
which induces the canonical isomorphism 

R^^'^ (g,R gr( JL) ^ i?^"'^-^ r^R SL* 

obtained by extending (4.9). Moreover R'^^'^ is universal for the existence of such an iso- 
morphism. 

Proof. We start with the isomorphism 

(5.14) ^coord.L ^ ^coord,L[[^^^ _ _ ^ 

It follows from the discussion after (5.2) that this isomorphism if Gld-cquivariant is we equip 
the righthand side with a Gld-action which is a combination of the linear action on the (tj)j's 
and the extension of the Gl^-action on iJcoord,L particular this Gld-action preserves the 
(ti)i-grading. 
Put 

L* = R^^^^^'^ti + ■■■ + R'='"'"^'^td 
considered as a Gld-module. Then (tautologically) we have a Gld-equivariant isomorphism 

^COOrd,LjJ^^^ . . - ytd]] = SRCOord,L{L*y 
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Combining this with (5.14) we get a Gld-equivariant isomorphism 

^coord,!, ^ 5flcoo,d,i,(Z*)' 

and looking at degree one of the associated graded rings: 

^coord.L ^* ^ I* 

Thus 

(5.15) ^coord^L ^ 5^coo,d,l,(i?'=°°'''^'^ ®fl L*)'= i?™°'d,L ^ 

It now suffices to take Gl^-invariants to get the isomorphism (5.13). 

We will only sketch the proof of universality since we will not need it in the sequel. Assume 
that we have an isomorphism 

W ®rJL^W SL* 

such that 

W (g)R gr( JL) =^W(^R SL* 
We need to construct a corresponding morphism R^^^^ — > W. 

We let W be the commutative W-algebra which is universal for the existence of an iso- 
morphism 

W ®w {W ®R L) = Wti + ■■■ + Wtd 
Thus Spec W / Spec W is a Gld-torsor and in particular W'^^'^ = W. We then have 

W %>rJL = W ®w {W (Sir JL) 

= W®w{W Sr SL*) 

= W®rSL* 

= s^{wti + ■■■ + wtdT 

Hence there exists a corresponding morphism /jcoord,L _^ -y^ ^ Taking Gl(j-invariants yields 
the requested morphism R^^'^ W. One easily checks that this morphism satisfies the 
appropriate uniqueness properties. □ 

6. Loo-ALGEBRAS 

In this section wc recall some properties of ioo-algebras and wo fix some notations. 

6.1. Loo-algebras and morphisms. An Loo-structure on a vector space g is a coderivation 
Q of degree one on S'(0[1]) which has square zero. Such a coderivation is fully determined 
its "Taylor coefficients" which are the coefficients 

Q. : jllE}^ s{q[1]) ^ S{q[1]) 112}^ 

If for a,b G g one puts 

(6.1) da = -Qi{a) and [a, 6] = (-l)l°lQ2(a, 6) . 

then (P ~ and d is a derivation of degree one of g with respect to the binary operation 
of degree zero [— , — ]. If d^Q = for < > 2 then g is a DG-Lie algebra. Conversely any 
DG-Lie algebra can be made into an Loo-algebra by defining Qi, Q2 according to (6.1) and 
by putting Qi = for i > 2. 

A morphism of Loo-algebras g ^ f), or Loo-morphism is by definition an augmented 
coalgebra map of degree zero 5'(0[1]) 5'(()[1]) commuting with Q. A morphism of Loo- 
algebras is again determined by its Taylor coefficients 

^. : s\q[1]) '"^'""°") 5(0[1]) ^ Sm) ^[1] 
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One has dij^i =ipid and hence tpi defines a morphism of complexes. 

The above notions make sense in any symmetric monoidal category. Wc will use them 
in the case of filtered complete linear topological vector spaces. Of course in that case the 
symmetric products have to be replaced by completed symmetric products. 

6.2. Twisting. Assume that ip : g ^ i)isa Loo-morphism between Loo-algebras. We assume 
in addition that we are in a complete filtered setting (in the category of graded vector spaces) . 
I.e. there are ascending filtrations (-F„fl)„ {Fnt))n, on q, () and furthermore g, I) are graded 
complete for the topologies induced by these filtrations. We assume in addition that ip is 
compatible with the filtrations (i.e. it is a filtered map for the induced filtrations on 5(0 [1]) 
and Sm]))- 

Let CO e F-iQi be a solution of the ioo-Maurer-Cartan equation in q. 



(6.2) J2^Qi{^')=0 



>i 



Define Q^j, ip^ and u' by 

(6.3) Q^4J) = J2^Q^+Ji^'^) (forz>0) 

j>o ^■ 



(6.4) ^lj^,i{j)=J2-,^i+j{^'l) (fori>0) 

j>o ^' 

(6.5) u' = Y,Im^') 

j>i ■>■ 

for 7 e S\q[1]). Then by [41, Thm 3.21,3.27] oj' e is a solution of the Maurer-Cartan 

equation in 1) and furthermore g, f), when equipped with Q^, Q^^i are again Ltx>-algebras. If 
we denote these by g^^ and then ip^ defines a filtered Loo-map f);^/. 

Remark 6.2.1. Formulas similar to (6.3-6.5) also appear at other places in the literature e.g. 
[13, eq. (60) (61)] and [32, eq. (4.4)]. They are implicit in the language of formal Q-manifolds 
employed by Kontsevich in [20] , 

If g is a DG-Lie algebra then the Loo-Maurer-Cartan equation translates into the usual 
Maurer-Cartan equation 

(6.6) cL;+ ^[a;,a;] = 

and we obtain Qu,,i{l) = Qiil) + Q2{'^l); Qu,,2{l) = Q2{'l) and Qu^il) = for i > 3. 
Translated into difi'erentials and Lie brackets we get 

(6.7) du, = d+[Lo,-] and [-, -]^ = [-,-] . 

6.3. Descent for Loo-morphisms. Assume that g is an algebra over a DG-operad O with 
underlying graded operad O and consider a set of O-derivations of degree -1 {iv)veS on g. 
Put Lv = div + iyd. This is a derivation of g of degree zero which commutes with d. 
Put 

(6.8) 2^ = {w € qI'^v £ S li-uw = L^w = 0} 

It is easy to see that is an algebra over O as well. Informally we will call such a set of 
derivations {iv)ves an S-action. 

Remark 6.3.1. By definition the notion of an S-action only depends on the graded structure 
of g. However the construction of g^ also depends on the differential. 

The following is a slightly strengthened version of [34, Prop. 7.6.3]. 
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Proposition 6.3.2. Assume that ip is an Loo-morphism g t) between Loo-algebras equipped 
with an S-action as above. Assume that tjj commutes with the S-action in the sense that for 
all V G S, 

iMwi, ^(-l)l"'^l+-+l'"'-|-('-^VnK, . . . , ^v{wl), ...,Wn) 

Then -0 descends to an Loc-m,orphism : g'^ ^ t)'^. 

6.4. Compatibility with twisting. Assume that g, i) are topological I^G-Lie algebras and 
ip is an Loo-morphism g ^ f). As in §6.2 we assume that g, f) are complete filtered and ip 
is compatible with the filtration. Our aim is to understand the behavior of ^-actions under 
twisting. 

Assume that g and f) are equipped with a 5-action and assume that ip commutes with 
this action (as in Proposition 6.3.2). Let uj G -F-igi be a solution to the Maurcr-Cartan 
equation. Since twisting does not change the Lie bracket (see (6.7)), S acts on fl^^ and f)t^ as 
well. The following is [34, Prop. 7.7.1]. 

Proposition 6.4.1. Assume that for i>2 and all v G S, j G ^^"^(^[l]) we have 
(6.9) Vi(«^;W-7) = 

Then 1})^ commutes with the S-action on g^j and {f^j' ■ 

7. Formality for Lie algebroids 

In this section we prove Theorem 1.8. We first prove a more precise result in the ring 
case. To do so we use the existence of the desired Loo-quasi-isomorphism in the local case, 
and extend it to the ring case with the help of coordinate spaces constructed in the pre- 
vious section. We end the proof by sheafifying the ring case, using appropriate functorial 
properties. 

7.1. The formality in the ring case and its functorial properties. 

Theorem 7.1. Let R be a k-algebra. Assume that L is a Lie-algebroid over R which is free 
of rank d. There exists a canonical DG-Lie algebra together with L^o-quasi-isomorphisms 

(7.1) Tp^oly(^) ^ ^ I>poly(^) 

such that the induced map 

H:T^,,^{R)^H*{Dl,,^{R)) 

is given by the HKR-formula (4.1). 

The DG-Lie algebra and the quasi-isomorphisms in (7.1) are functorial in the following 
sense: assume that </> : {R, L) — > (T, M) is an algebraic morphism of Lie algebroids which 
induces an isomorphism 

(7.2) T^rL^M 
then there is an associated commutative diagram 

(7.3) Tp^oly (ii) i^^oly {R) 

if 

TX(T) D^olyiT) 

and ["^^ = ["^ol^ 

The proof of this theorem will take the greater part of the next two subsections. 
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7.2. The local formality quasi-isomorphism. Let F = k[[ti, . . . ,td]]- Kontsovich (over 
the reals) and Tamarkin (over the rationals) construct an Loo-quasi-isomorphism [20, 31] 

(7.4) U : rpoiy(F) ^ i?poiy(F) 
where Ui is given by the HKR formula^ 

(7.5) U,{d,, A • • • A = (-1)Kp-i)/2 1 ^ (-l)-a,^^,, ® • • • ® 

with di = d/dti- This quasi-isomorphism has two supplementary properties which are crucial 
for its extension to the global case. 

(P4) Z^,(7i • • • 7g) for g > 2 and 71, . . . , 7g e T■^°^y^{F).^ 
(P5) Uqi-ia) = for g > 2 and 7 e Q{^{k) C TP°iy'i(i^). 

For Tamarkin's quasi-isomorphism the fact that properties (P4) and (P5) hold has been 
proved in [16]. 

7.3. Proof of Theorem 1.8 in the ring case. 

7.3.1. Resolutions. In this section we construct resolutions of Tj^iy(-R) and D^oiy{R)- These 
are jet analogues of the Dolgushev-Fedosov resolutions in [3, Section 2]. 

Since the action of UL2 on C'^^'^ i^iri JL commutes with ^V''*^ we obtain morphisms of 
DG-Lie algebras: 

TXiR^) (c^ff'^ JL, 1 v-«^) 

Proposition 7.3.1. The morphisms in (7.6) are quasi-isomorphisms. 

Proof. This follows from lemmas 4.3.4 and 5.3.1. □ 

7.3.2. The formality map on coordinate spaces. The local Loo-quasi-isomorphism 

U : rpoly(i^) ^ I)poly(J^) 

extends linearly to an Loo-quasi-isomorphism 

U : ^ rpoly(L^) ^ ^ l?poly(J^) 

One easily verifies that the canonical maps 

0'°°'"''' ® Tpoly (L^) -> Tpoiy^c-o-.- (^coord.L ^ ^) 
C'coord.L ^ Dp,iy{F) ^ Dp„iy,ccoo.d,. (C™-'^'^ ® F) 

are isomorphisms of DG-Lie algebras. Thus we obtain a corresponding Loo-quasi-isomorphism 

W : rp,iy,c™-,.(C--^^^ ^F)^ i?poiy,c^.o..,.(C™-'i'^ ® F) . 
In Section 5 (§ 5.2.1) wc have constructed an isomorphism of C™°'^'^'^-DG-algebras 

i : (C=°°'-d^i JL^ lycoord^ ^ (^coord,L ^ ^ + Lu) . 

Therefore we obtain an isomorphism of Lie algebras 

(7.8) O - O f : Dp„iy^c-=^<i,^ (Ccoord,L ^ Z?p„iy (C^"-^'^ ^ F) . 



^The sign (— is not present in Kontsevich's setting. I this paper we slightly modify Kontsevich's 
quasi-isomorphism. See §9. 

^For degree reasons, this is always true if g > 2. 
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The Hochschild differential on the left is sent to the Hochschild differential on the right. The 
differential [iV'^°°'''^, — ] on the left is sent to [d + w, — ] on the right. Then it follows using 
(6.7) from §6.2 that i defines an isomorphism of DG-Lie algebras 

(7.9) Dpoiy,ccoo.d,. {C'oord,L j^^ l^coord) ^ D^^.y^ccoor.,. (C^-^'^ ® F, d)^ . 

Similarly we have an isomorphism of DG-Lie algebras 

(7.10) Tpoiy_c'coord,i:,(C"^°°'^'^'''^ (8>fli JL, ^v™"'^'*) = Tpoiy c'coord,i,(C"^°°'^'^'''^ (i) F, d)i^ . 

We now use the grading on Tpoiy^pcoord.i (C=°°''^'^ F) and Z^poiy^c-ord,!. (6"^°°"^'-^ (g) F) 
obtained from the C™°'''*'^-grading on C""""^-^ (S) F as a. filtration. Thus 

-P'-n(T"poly,C':°<"'i,i(C"'°"'^'''" <Si F) = Tpoiy (7ooord,l,(C™°'''^'"^ <§ F)>n 

and similarly for Dpo\y. Since these filtrations are finite in each degree for the total grad- 
ings on Tpoiy_ccoord,i. (C^"""^'-^ F) and £>poiy^c?<=°°'d,i,(C"^°°"<i'-^ F) these DG-Lie alge- 
bras are graded complete. It is also clear that U is compatible with F. Finally since 
G Tpoiy^ccoord.L (C"=°°''<i'-^ «) F)i it follows that w G F_i{Tp^iy^c<'oord.L{C'=°°"^'^ (g) F)). Thus 
the twisting formalism exhibited in §6.2 applies and we obtain an Loo-morphism 

(7.11) : Tp„iy,ccoo.d,. {C'°ord,L ^ ^ Dp,,y^ccoor.,L {C''oord,L ^ 

since by (P4) (using the notation of (6.5)) one has 

w' = ^ \Uj{uJ^) =Ui{w)=w. 

Hence using (7.9) and (7.10) we have an Xoo-morphism 
(7.12) 

V^""-^^ : Tp„iy,ccoord,^((7^°°-^d'^ JL, iv^""-^^) ^ £»p„iy,ccoord,^(C™°'-d'^ ^fl^ JL, iv™°'-<i) . 

7.3.3. The formality map on affine coordinate spaces. First remark that ZYa, descends under 

the g[^;(fc)-action. Namely, given the facts that U clearly commutes with the g[^(fc)-action 
(in the sense of Proposition 6.3.2) and that, using (5.7) and (P5), Ui{iy{uj) • 7) = for any 
V G Q^di^) i > 2; we can apply the criteria given by Propositions 6.3.2 and 6.4.1 and 
obtain 
(7.13) 

Here the notation (— )8[d(fe) jg used in the sense of (6.8) and 0[d(fc) acts by the derivation of 
the Gld(fc)-action on the factor fi^ooord,i, of 0"°°'"^^^ = l^^ooord.i, ®nn^ ^RiLl- 
There are morphisms of DG-Lie algebras 

(7 14) -^Poly.C"'"'^ (^(jaS,L J j^^ lyaff ^ _^ Tp^iy QcooTd.L (^0"°°"'^'^ (S)R^ J L, 1 v''°°'''^) 

Dpoly,C^ff'^{C^^'^ (giJl Ji, ^V**^) — *■ i?poly^C'ooord,i:,(C"'°°'''^'''" (gjij^ JL,^'V°°'"^) 

obtained by extending C'^^^-linear poly- vector fields and poly-difFerential operators to 0''°°'^'^'^- 
linear ones. We claim that these maps yield isomorphisms of DG-Lie algebras 

7^poly,C^«.^ (C^""*'^^ JL, 1 V-«) ^ Tpoiy^c^oo^d,. (C--d,L j^^ l^coord)flI,(fc) 

Using Lemma 4.3.4 and using the fact that T^^fyiL^"^) ^^'^ -^poiy(-^2) are free i?2-niodules 
and that JL is a topologically free i?i -module it is sufficient to prove that 

(7.16) (fiflcoord,!. (8>Q«^ AiJ,Lt)fl'<'('=) = fi^aff.I, Oq^^ Afl, 

Using the notations of Section 5 the isomorphism (7.16) follows from 
This follows easily from the fact that Gld{k) acts freely on Spec 6'™°'''*. 
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Therefore (7.13) now yields an ioo-morphism 

V"* : Tp„iy,ca«.^(C"^'^ JL, ^V-ff) D^,,^^c^u,l{C-'''^ JL, 'V'^'') . 

7.3.4. End of the proof. We have constructed I/oo-morphisms 

(7.17) tX{R2) Tp„iy,ca«,^ (C-'^'^ ^R, JL) 

yatf 

^poly(^2) £>poly,Caf^^(C^*'^ Ji) . 

such that the horizontal maps are quasi-isomorphisms. 

We put = £>poiy (7aff,j:,(C"'*^'^ iSiRi JL). Then the lower horizontal map in (7.17) yields 
the rightmost quasi-isomorphism in (7.1). 

We will prove below that the composition 

TXiR2) - H*{i^) ^ W{Dll,^{R2)) 
coincides with the HKR-isomorphism. It follows in particular that the diagonal map in (7.17) 

^p%(^2) - 

is an Loc-quasi-isomorphism as well. This is the leftmost quasi-isomorphim in (7.1). We 
leave to the reader the tedious but straightforward verification of the functoriality of . 

To prove that the map on cohomology is given by the HKR-map we regard the complexes 
occurring in (7.14) as double complexes such that the differential obtained from C^^'^ and 
(^coord,L jg horizontal. We write the coordinates for the double grading as couples {p,q) 
where p is the column index. 

According to (6.4) Uoj,i is given by 

(7.18) Z7^,i(7) = 5^^W,+i(a;^). 

Now Uj+i is homogeneous for the column grading and of degree 1 — (j + 1) for the Hochschild 
grading (the row grading), thus it has bidegree (0, —j). Since lo lives in (7™°'''^'^ ^ ^poiy(-^) 
it has bidegree (1,0), and hence Uj^x{u>^-) has bidegree (j, —j). 
Let I be the component of W^,,! indexed by j in (7.18). 

Lemma 7.3.2. We have the following commutative diagram 

' C™-<l-^6Tpoly(i^) 

(7.19) m| 

^poly(^2) > C™-'l'^^^poly(F) 

where the horizontal arrows are inclusions obtained from the action by derivations of L2 on 
(Ocoord.L ^ (Ocoord.L ^ p ^^gg (5 ^ ^f^^ HKR-map (4.1). 

Proof. This is almost a tautology. Let li,...,ln G L and denote by 6i the derivation on 
(ocoord,!, ^ p corresponding to k. Then 

Ul,{6, A • • • A 5„) = Z^i(<5i A ■ • ■ A (5„) = (-l)"("-i)/2l ^ e(a)J,(i) ® • ■ • . 

' a-eSn 

This implies the commutativity of (7.19). □ 
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Since the maps in (7.14) are inclusions Vf*^ has the same grading properties as 14,, i. 
In particular it maps Tp^jy c'att.t (C^'-^ JL)p,q to ®jI?poiy c.»ff,i (C^^'-^ JL)p+j,q^j. 
Let Vi^''' be the component of VJ^ indexed by j in this decomposition. Thus we obtain a 
commutative diagram 

T^olyiR^) ^ Tp„,y,ca«.^(C-'''^®il, Ji) 

(7.20) 

^poly(^2) ^ Dpoly,C.^«,.(C-«'^®i?., JL) 

The following lemma ends the proof of the theorem (sec [40, Thm. 7.1]). 
Lemma 7.3.3. y^^'*^ and Vf* induce the same m,aps on cohomology. 

Proof. We filter Tpoiy.c^ff.^- {C^^^^ JL) and Dp^iy^c^-tt.L [C^^'^ JL) according to the 
column index. 

The El term of the resulting spectral sequences consists of the cohomology of the colums. 
Using (4.16) we have to compute the cohomology of (C'^ff.L jj^^ T^oiyi^'^) '^^'^ 
(C^«'^«)K, JL)®K,L'^^iy(i?2) for the second factor. We obtain {C''*^'^%>R,JL)^ii,T^^^y(R2) 
and (C*ff'^ (gjjj^ JL) igiR^ H' (£>poiy (i?2)) (the latter because i'poiy (i?2) is a complex consisting 
of filtered projective i?2-modules with filtered projective cohomology). 

Using Lemma 5.3.1 we obtain that the E2 terms are given by T^^iyiRi) and iJ (_Dp^[y(i?2)). 
It is now clear that y^^^*^ and Vf^ induce indeed the same map on cohomology. □ 

7.4. Proof of Theorem 1.8 in the sheaf case. As indicated in the the introduction we 
can prove a result which slightly more general than Theorem 1.8. We work over a ringed 
site (C, O) and £ is a Lie algcbroid locally free of rank d on (C, O). The DG-Lie algebras 
T^jy(O), £^poiy(C) are obtained by sheafifying the presheaves 

u^tX\o{u)) 

U ^ D^j;l\0{U)) 

for U G Ob(C). 

Theorem 7.4.1. There is an isomorphism between T^^^y{0) and D^^^y{0) m HoLieAlg(O), 
the homotopy category of sheaves of DG-Lie algebras, which induces the HKR-isomorphism 
on cohomology. 

Proof. We replace C with the full subcategory consisting of C/ S C such that there is an 
isomorphism C\U = {O \ U)'^ (this does not change the category of sheaves). 

lip:U is now a map in C then since C{V) ^ 0{V)'^, C{U) ^ 0{U)'^ we have that 
the restriction morphism 

p* : {0{V)X{V)) ^ {0{U),£m 

satisfies the condition (7.2), i.e. 0(U) (E)o(v) ^V) = ^{U). 

Put n'^{U) = [^(^) where [^(^) is as in Theorem 7.1. Then n'^ is a presheaf of DG-Lie 
algebras. Let ^T|^jy(C) and ^-DpQ[y(C') be respectively the presheaves of DG-Lie algebras of 
£-poly-vector fields and £-poly-differential operators. 

From the commutative diagram (7.3) we now deduce the existence of Ltx>-quasi-isomorphisms 
of presheaves 

(7.21) ^'Tp^„,y(0)-n^-^D^„,y(0) 

Let be the sheaffification of ^l^. Sheafifying (7.21) finishes the proof. □ 



yaff.O 
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8. AtIYAH CLASSES AND JET BUNDLES 

In this section we rcilatc Atiyah classes to jet bundles. That this is possible is well known 
(see e.g. [18, §4]) although we could not find the exact result we need (Proposition 8.4.2 
below) in the literature. 

8.1. Reminder. We define (C, O, C) as in §7.4. Let £ be an arbitrary O-niodule. The Atiyah 
class Ac{S-) G Ext0(f ,£* ® £) is the obstruction against the existence of an £-connection 
(not necessarily flat) on £. 

Let us briefly recaU how Ac{S) is constructed. By (4.8) we have J^L = Oi®C* = 02®C* 
as 0\ and 02-algebras. 

We consider the short exact sequence of Oi-modulcs 

(8.1) C* ®o£ ^ J^C®02£ -> ^ 

The class of this sequence in Exto(f ,£* ® £) is Ac{£)- To see that this is the obstruction 
against the existence of a connection let : £ ^ J^C ^ be the canonical splitting (as 
sheaves of abelian groups) of (8.1) obtained from the decomposition C = O2 ® C Then 
any splitting /3 : f — > J^C ^ ^ ^1 modules yields a connection W : £ ^ C* ®o £ given 
by /3 — /3o. It is easy to see that this construction is reversible. 

Taking powers and symmetrizing we obtain an element a(f)" in Ext0(£, A"£* ®£). The 
n'th (scalar) Atiyah class an{£) e -ff"(C, A"£*) of £ is the trace of a(£:)". 

8.2. Atiyah classes: algebraic background. We need some functoriality properties of 
the Atiyah class. To deduce these cleanly we work in a somewhat more abstract setting and 
introduce some adhoc terminology. 

Let Sh'"(C) be the category of sheaves of abelian groups on C graded by Z^. If G Sh'"(C) 
and / is a section of Tij then |/| = i+j is the total degree of/. As always apply the Koszul 
sign convention with respect to total degree. 

The category Sh'^'(C) is equipped with two obvious shift functors each of total degree one 

Definition 8.2.1. (1) A bigraded DG-algehra on C is a bigradcd sheaf of algebras A on 
C equipped with a derivation dj\_ of degree (1, 0) such that d\ — 0. 

(2) A dDG-algehra A on C is a bigradcd sheaf of DG-algebras on C equipped with an 
additional derivation of degree (0, 1) such that (Jac?^ + dj\,dj, = 0. 

(3) Assume that ^ is a bigraded DG-algebra. A DG-A module is a bigraded sheaf of 
^-modules M equipped with an additive map Jm : M ^ M of degree (1,0) such 
that d^ = and such that 

(iM(am) = dj^{a)m + (— l)'"'a(JA/( (m) 

for a, m homogeneous sections of A and M. We denote the category of DG- modules 
over A by DGMod(^). 

(4) Assume that A4 is DG-modulc over a dDG-algebra A. Then a connection on Ad is 
an additive map dM : M ^ M of degree (0,1) such that 

djvi{am) = dji^{a)m + {—1)^°'^ adMi'm) 

(5) The functors ?[1] and ?(1) change the signs of both d^. and Ja4, when applicable. 

(6) Assume that M is a DG-^-module over a dDG-algebra A, equipped with a connec- 
tion. Then the curvature of M is defined as Rm = —{dM^M + dj^dM)- This is a 
map Rm-M^ M{l)[l\ in DGMod(^). 

(7) The derived category of DGMod(.A), equipped with the shift functor ?[1], is denoted 
by D{A). 
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Example 8.2.2. Let A ^ B he a. morphism of sheaves of commutative DG-algebras. Then 
f^B/A is a dDG-algebra. The bigrading comes from the internal (coming from B) and external 
(exterior) degrees. The degree (0, 1) derivation d is the De Rham differential and the degree 
(0, 1) derivation d is characterised by the property that it commutes with d and that it 
coincides with ds on B = 

Assume that .4 is a dDG-algebra. We define a bigraded DG-algebra. 

J^A = A® Ae 

where e satisfies rf4(e) = = e^, has degree (0,-1) and 

ae={-lpea 

We have two algebra morphisms commuting with dx- 

ii : A^ J^A : a I— > a 

i2 ■ A^ J^A : a a + erf^(a) 

We view as a DG-4-bimodule via ii, i2. 

We get an associated exact sequence of A-A bimodules 

(8.2) 0-^Ae^J^A-^A-^O 

Let M e DGMod(^). Tensoring (8.2) on the right by M. we obtain an exact sequence in 
DGMod(.4) 

(8.3) ^ M{1) ^ J^A(^aM ^ M ^0 
with 

M(l) JM ®^ : n e n 

J^A M ^ M : {a + be) ^ m !->■ am 

Definition 8.2.3. Let M G DGMod(yl). The Atiyah class A{M) of M is the element of 
Hom^(^^(A^, A1(l)) representing the exact sequence (8.3). 

Lemma 8.2.4. If A4 has a connection then A{A4) = Rm- IiT' other words A{A4) is repre- 
sented by an actual map 

Rm ■■ M ^ M{1)[1] 

of bigraded A-modules. 

Proof. If M has a connection dj^i then the map 

fi : M ^ JM : l®m - dM{m) 

defines a right splitting of (8.3) as graded .A-modules. The corresponding left splitting is 

a : J^A®aM. ^ M{1) -.l^m + e®n^ dMirn) +n □ 

Since (8.3) is split its corresponding class in HomJ)(_4)(A1, A^(l)) is given by^ —adMp- One 
computes that this is equal to Rm ■ D 

Lemma 8.2.5. The Atiyah class is functorial in the following sense. Assume that we have 
a morphism of dDG-algebras : A ^ B and DG-modules A4, TV over A and B as well as 
an additive map ij) : M. ^ M of degree zero which is compatible with the differentials and 6 



To see this one should think of a degreewise split exact sequence as a shift to the left of a standard 
triangle constructed from a mapping cone. See [17, I§2]. 
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in the sense that ip o cIm = dj^ o cj) and tp{am) = 6{a)il){m). Then the following diagram is 
commutative in D{A) 

M Mm] 

a{A{N)) 

Proof. This follows from the frinctoriality of the exact sequence (8.3). □ 

8.3. Scalar Atiyah classes. Let ^ be a dDG-algebra on C and let M e DGMod(^). We 

assume in addition that A4 is locally free of constant rank e over C. I.e. the topology on 
C has a basis B such that foi U € B we have that Mu — -4®"^ as bigraded .A-modules. We 
may now view A{A4)'^ as an element of Hom^(^)(A^, A^(n)), or since A4 is locally free, as 
an element of 

H"(C,£:nrf^(X),,„) 

where H denotes hypercohomology and £'?zd^(A4)*,„ is equipped with the differential [dj^, —]■ 
It is easy to check locally that the trace map 

Tr : £ndA{M) A 

is in DGMod(.A). Thus we obtain a map on hypercohomology 

Tr : ir{C,£ndAiM),,n) ^ e"(C, 

We call 

aniM) = Tr(a(7W)") € H"(C, 
the n'th (scalar) Atiyah class of M. 

Lemma 8.3.1. Assume that we have a morphism 9 : A ^ B of dDG-algebras and assume 
that M G DGMod(>t) is locally free of rank e. PutN = B(^aM. Then Af e DGMod(S) is 
locally free of rank e. We have 

an{U) = ir{e){an{M)) 

where H"(^) is the natural map 

ir{0) : H"(C, A,n) ^ H"(C,S*,„) 
Proof. The commutative diagram 

M M[n]{n) 



obtained from Lemma 8.3.1 may be translated into saying that A{Af)'^ is the image ofA{My 
under the induced map 



W{C,£ndA{M),,n) ^^^^ ir{C,£ndBW*,n) 
One verifies locally that there is a commutative diagram of DG-modules 

£ndA{M) SndB{M) 



Tr 



Tr 



A > B 

This finishes the proof. □ 
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Example 8.3.2. We explain how the Atiyah class constructed in §8.1 fits into this frame- 
work. We define A as the De Rham complex (a£J, d) and put it in degrees (0, *). We define 
M = A<Sio£- 

The Atiyah class Ac{£) = A{M) now becomes an element of 

Ext^r(^)(A^, A1(l)) = Ext^,(^)(^Oo £, {A^o £)(!)) 
= Exti,(o)(f, {A^o f)(l)) 
= ExtJ,(£:,£* (8>o £) 

It is easy to see that Ac{£) e ExtQ(£, £* £) represents the part of degree zero of (8.3). 
This is 

Hence Ac{S) coincides with our previous definition. It is easy to deduce from this that we 
also get the same a„^£(f ). 

8.4. Atiyah classes from jet bundles. We assume we are in the setting from §8.1. As 
outlined in the previous section we will work with bigraded sheaves. 

We first consider the £2-De Rham complex AC2 as a dDG-algebra concentrated in degrees 
(0, *) with d = 0. We then let C be a commutative DG-algebra such that JL is equipped 
with a flat C-connection V. Thus (C (^lOi J^, V) becomes a DG-algcbra (actually a DG-C- 
algebra). Prom Lemma 4.3.6 we obtain a morphism of dDG-algebras 

If we set M = {{AC2) jC,d = 0) e DGMod(A£2,^ = 0) then we obtain from Lemma 
8.3.1 and Example 8.3.2 

(8.4) H(0)(a„,£(/:)) = m{e){an{M)) = aninc^^^jc/c^^aM) = ani^c^^^j^/c C) . 



Finally recall that (C ®Oi J^) ^1 — 'DerdC J^)i therefore 
^ = i^c^o, J tic) JC perc{C®o, JC) ) . 

The fact that 11(0) (a„(£)) = a„(A/') provides a mean to compute a„(£) if we can compute 
a„(Ar). The latter can be accomplished if we can put a connection on Af (see Lemma 8.2.4) 

Lemma 8.4.1. Assume that there is an isomorphism of graded C-algebras 

(8.5) TT : C (g)Oi J£ ^ C (g)o SC* 

which induces the identity map C gr JjC = C <Sio SC* . Then J\f, as introduced above, has 
a connection. 

Proof. We use the isomorphism (8.5) to transport the differential V (defined on S =^ C (E)o 
JC) to a differential V on S =^ C SC* . Note that this differential does not have a simple 
expression. As for V, we extend V to a unique differential on fl^^Q = C (g) ^g^^/Q in such 

a way that it commutes with the De Rham differential ^dr- 
We now put 

Mo = Verc{B) = i3®o C and Af = n^^f. Afo = ^b/c '^o C . 

The isomorphism (8.5) between B and B yields isomorphims between flB/c a-nd Q^^q, 
between TVo and TVq and between TV and TV". We can now define a connection on jV" = 
^B/c ®o by putting 

dj^{b = <^dr(&) O I 
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It is easy to see that this is well-defined. Transporting accross the isomorphism Af = M 

yields a connection dj\f on M. □ 

The DG-algcbras C'™°'-d.£ and C^^'^^ are equipped with a canonical map A£* ccoord.z: 
and A£* (ja.s,c ^ follows from the definitions in §5.2.1 and §5.3. 

In addition condition (8.5) applies with C = C^'^ and C = C™°"<i"^, see (5.13). We have 
natural morphisms 

Below we decorate notations referring to C^^'^ and (7^°°^^^'^ by superscripts "aff" and 
"coord" respectively. For example we define Af^^ and J\f'^°°'^'^ like J\f in the above discussion 

where we replace C by C^^'^ and C"'"™'*''^. 

Proposition 8.4.2. Write the Maurer-Cartan form (see (5.6)^ as 

i,a 

with Tja G (C"^°°'''^'^)i, e F. Then we have as elements of complexes 

(MV)(«n(Ar-'')) = Tr(H") 
where S is the matrix with entries 

a 

Furthermore as cohomology classes we have 

(8.6) H(0)(a„,£(£))=a„(AA'^«') 

Proof The identity (8.6) is (8.4). 

We can use the canonical connection on Af^^ and J\f'^°°'^^ exhibited in the proof of Lemma 
8.4.1 to compute o^^TV**^) and a„(A/''^°°"<^) ( using Lemma 8.2.4). Since these connections are 
compatible we get 

a„(Ar^°-d) = V'(a„(AA"«)) 

as elements of complexes. 

We now compute a„(7V'^°°'''^) explicitly. We have identifications (e.g. (5.14) and (5.15)) 

Using these identifications we have 

i 

where = d/dti. We have 

and since dj^caovd is zero on C'co°''d,-C ig,^ £ deduce 

dj^.aard{di) = 

For further computation we use the identification 

^coord ^ (^coord,£ (g, f^^, (g, ^ /j^. 

where dj^ coord acts as 
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Remember from §5.2.1 that the differential rfscoord = i V'^°°'''^ on ^"""^'^^nF = SlBcoon /ccoord.c 
is given by 

where we think of di as a Lie derivative. We compute 

J^^oord (dj) = [dccoord.L (g) 1 + ^ Va^^a (^i-> ^j] 

and hence 

= -djv-coord {djUi'Jdi) 

Thus /i(a„(A/''^°°'''^)) = Tr(S") where S is as in the statement of the proposition. This finishes 
the proof. □ 

9. The Kontsevich local formality quasi-isomorpiiism 

9.1. The Loo-morphism. In this section we assume that k contains the reals and we de- 
scribe the exact form of the Kontsevich local formality morphism. 

As above lot F = k[[ti, . . . ,td\] and Tpoiy(-F), Dpo\y{F) arc respectively the Lie algebras 
of poly- vector fields and poly-differential operators over F. We equip Tpoiy(-F) and £'poiy(i^) 
with the shifted Gerstenhaber structures introduced in §4.2.2. For 7 G T^oiyi-^) ^® P^* 

= {dU,A---AdU^^„j) 

where (— , — ) is the pairing introduced in (4.2). 

The Kontsevich local formality isomorphism : Tpoiy(-F) — > -Dpoiy(f ) is defined as follows. 
We put 

m>oreG„,„ 

where the Wr are some coefficients to be defined below and where Gn,m is a set of directed 
graphs r described as follows 

(1) There are n vertices of the "first type" labeled by 1, . . . , n. 

(2) There are m vertices of the "second type" labeled by 1, . . . ,m. 

(3) The vertices of the second type have no outgoing arrow. 

(4) There are no loops and double arrows. 

(5) There are 2n + m — 2 edges. 

(6) All edges carry a distinct label.. 

For use below we also introduce Gn,m,e which is defined in the same way except that the 
number of edges of the graphs should be equal to 2n + m — 2 — e. The number of edges in a 
graph is denoted by |r|. 

For a vertex ?; of F we denote the incoming and outgoing edges of v by In(u) and Out(w) 
respectively. Let be the vertices of the i'th kind for i = 1,2. Let 7^ G Tpoiy(-F') and put 
ki — |7i|. By definition Wr(7i • • 'Jn) is zero unless |Out(i)| = ki + 1. In that case 

Kr{7l---ln){fl---fm)= n dr,---dr,jr""'^+' J] ^t, ■ ■ ■ dtj, 

In(v)=ri,...,rd In(i;)=ti ,...,te 

Out(u)=si,...,Sfc^ + i 
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where we assume that the ordering on the labels si - ■ ■ Sd is such that Si < • • • < Sk^+i- 

The coefficients Wr are defined as integrals over configuration spaces. Let H be the upper 
half plane and let R be its horizontal boundary. The group 

G^^) ={z\-^az + b\a,b€R,a>0} 

acts on HUR. C^^n quotient ConfJ^/G^^^ where ConfJ^ is the space of configurations 
of n distinct points pi, . . . ,pn in and m distinct points qi, . . . , q„i in R such that qi < 
• • • < Qm- The manifold will be oriented as follows (see [1]). One puts pi in a fixed 

position and uses the coordinates of the other points to identify C+„ with an open subset 
of the affine space A = C"~^ x M™. One then transfers the standard orientation on A to 
C+ . 

For r e Gn,m,€ put 

{edges of F} 

where the (multi-valued) function on is defined as (j)el'^i^ where 4'e is computed as 
in the following image 




Thus if e is an edge in T from p to q then we embed e as a line in the hyperbolic plane Ji 
and we measure the angle in the counter clockwise direction as indicated in the drawing. 

The ordering of the edges in the product /\^, dcj),, is first according to the ordering of the 
starting vertices in the set Fi (the ordering is by label) and then according to an arbitrarily 
chosen but fixed ordering on outgoing edges. 

Now we put* 

(9.1) Wr = (-l)|r|(|r|-i)/2 f 

One easily sees that the product WvUv is independent of the chosen ordering on outgoing 
edges. 

Assumen= 1. In that case contains only one graph Fq and = (— l)"*^™"^^/^!/™!. 
Furthermore 

^Toil)ih, ...,fm)= l''-'-di,h ■ ■ ■ di^fm 

= {dh---dfm,i) 

where (— , — ) is as in (4.2). Hence 

(9.2) Wl(7)(/l, ■..,fm) = (-l)-(— ■■■dfm,l) 

ml 

It is easy to see that Ui coincides with the HKR map Tpoiy(-F) Dpoiy{F) as defined by 
(7.5). 



This definition differs by a sign from Kontsevich's definition. Kontsevich's definition necessitates an 
unpleasant sign cliangc in tlic definition of the Lie bracket on T'poiy(-F) (sec [1]). Moreorcr tliis sign change 
destroys the Gerstenhaber property of Tpaiy{F). A tedious computation shows that with our definition no 
sign changes for the Lie bracljet axe necessary. 
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9.2. Compatibility with cupproduct. Let C be a commutative DG-fc-algebra (equipped 
with some topology). Then we may extend U to an Loo-morphism 

U:C® Tpoiy{F) ^C^ Dpoiy{F) 

Assume now that we have a solution cu = r\oiLOa to the Maurer-Cartan equation in 
(C^ ® ^poiy(-^))- By property (P4) we know that Ui{lu) is a solution to the Maurer Cartan 
equation in (g) Dp^iy{F)). It will be convenient to denote Ui{uj) also by w. 

Under suitable convergence hypotheses we know that there exists a twisted Loo-morphism 
(see §7.2) 

Kontsevich sketches a proof that commutes with cup product up to homotopy.'^ A more 
detailed proof in the slightly restricted case that u G 2^poiy(-f') (i-e- a Poisson bracket) was 
given in [23] . In [25] it is even shown that ^4; can be extended to an Atxj-morphism (this is 
again in the case ui G T^oiyi-^))- 

For the benefit of the reader we will state a result below which will be sufficient for the 
sequel. It can be obtained by copying the proof of [23], taking into account our modified 
sign conventions. 

It is well known that can be canonically compactified as a manifold with corners 

(7+„ [20]. Let (72,0 = i^^^ "+" superfluous) be the "Eye" as in the following figure 




The upper outer boundary is where pi approaches the real line, the lower outer boundary 
is where P2 approaches the real line. The inner boundary is where pi and P2 approach each 
other, away from the real line. 

The right corner is the locus where pi , P2 both approach the real line with pi to the left 
of p2- Following Kontsevich [20] we have indicated a path ^ : [0, 1] — »■ C20 from a point on 
the inner boundary (labeled "0") to the right corner (labeled "1"). 

Next we consider the map 

P '■ (^n,m C'2,0 

which is given by projection onto the first two points. One may show that this map can be 
extended to a map 

F ■ Cn.m -^^2,0 

and we put Zn^m = F~^S,{[0, 1]). We orient Z by the normal dn (as indicated in the above 
figure). 

For r G Gn,m,i we put 

Wr = (-l)|r|(|r|-i)/2 / 
After a tedious computation, mimicking [23], we obtain the following. 



^Kontsevich's proves this in fact for general solutions of the Maurer-Cartan equation in C ® Tpgiy{F). 
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Proposition 9.1. For a,f3 G Tpoiy(-F) we have as maps from {C <8> Tpoiy(-F))J to (C ^ 
UW^,i(/?) -W^,i(aU/3) + d(ir(a,/3)) - H{da,f3) - {-iy"^+^H{a,dP) = 

where 

1 



(9.3) 



Hia,p) 



E 

ri,m>0,reG„, 



(-1) 



m — 1 



(n-2)! 



(the operators Ur are extended multilinearly to C ® Tpo\y{F) ). In particular commutes 
with cupproduct, up to a natural homotopy. 



10. Proof of Theorem 1.3 

In this section we will initially assume that k contains the reals and we let the local 
formality morphism U in (7.4) be the one defined by Kontsevich (as in §9). 

10.1. The local case. Combining the Loo-morphisms (7.11)(7.9)(7.10)(7.12)(7.15)(7.13) we 

obtain a commutative diagram 

(10.1) 



AR2) 



JL) 



ja.tt,L (C* 



(C'=°°'<''^(|iTpoiy(F)), 

^poly 



where the horizontal maps are strict morphisms (i.e. the only the first Taylor coefficient is 

non-zero) . 

Our aim is to sheafify diagram (10.1) and to look at the result in the derived category of 
C?-modules. To determine the result it is sufficient to understand the (— )i part of (10.1). 
I.e. 



'^poly,C'=oo'd,I,(C™°'"'''^lilHj^ JL) 
■y coord 

I 

-.coord, I- 



^poly,(7'=°°"'d,J:, (C° 



^ (C'=°°--'l.^'®Dpoly(J'))a 



Lemma 10.1.1. The map Vf : rpoiy,c-ff.^- (C""^'^ JL) £)poiy,catt,i, (C^*--^ JL) 
commutes with the Lie bracket and the cupproduct up to homotopies which are functorial for 
algebraic Lie algebroid morphisms which satisfy (7.2). 

Proof. For the Lie bracket this is clear since Vf^ is obtained from a Loo-morphism. 

For the cupproduct we need to show that the homotopy H defined by (9.3) descends to 
a map Tp^iy c.aff,i,(C*'^ JL)"^ Dpoiy f;att,i (C^'^ (8)^1 JL). This is a computation 
similar to the proof of Proposition 6.4.1 combined with (5.7). We need the the following 
version of (P5). 

• WrUri'ja) = for q > 3 {q being the number edges of the "first type" in F) and 
7efl[rf(fc)cTP°'y.i(F). 

This is proved in exactly the same way as (P5). See [20, §7.3.3.1]. □ 
We will now evaluate the formula for Wo;, 1(7) where we assume 7 e Tpo\y{F). 
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We may write 

a 

with r]a G 0^°°'''^ and Wa S T^o\y{F)- Below we suppress the summation sign over a. Thus 

To understand the (absence of) signs in this formula we note that we consider as a degree 
zero map S'J'+i((C™°'''i-^«)Tpoiy(F))[l]) ^ (C™"^'^^-^ ci)Dpoiy(F))[l]. Thus w has ewen degree 
when appearing as argument to U. However the iVa as argument to U have odd degree. By 
contrast the degree of the r]a is unchanged. 

We need to enumerate the' graphs c;ontributing to the evaluation of Uj^i{u)ai ■ ■ • ^0,^.7). 
We need to consider the following type of graphs. 

(1) There are j vertices labeled by Wai, ■ ■ ■ ,<^ay These have 1 outgoing arrow. 

(2) There is 1 vertex labeled 7 which has p+1 outgoing arrows. 

(3) There are m = p — j + 1 vertices labeled by elements fi, ■ ■ ■ , fm & F- 

The edges leaving 7 are ordered by their ending vertex where we extend the implied ordering 
of vertices of the first kind to all vertices via < ■ ■ ■ < oJaj < 7 < /i < ■ ■ ■ < fm- 

Since there are no loops and double edges we find that 7 is connected through an outgoing 
arrow with all other vertices. It remains to allocate the j arrows emanating from the vertices 
labeled Wa- 

Recall that by [Ko, §7.3.1.1 §7.3.3.1] that Wr is zero if F contains one the following 
subgraphs. 



(10.2) 
or 



(10.3) 
or 




(10.4) 

where q has no additional incoming or outgoing vertices. 

If there is an u)a which does not have an incoming arrow from another cja then we are in 
one of the situations (10.2)(10.3) or (10.4) and hence Wr = 0. The remaining graphs are of 



32 



DAMIEN CALAQUE AND MICHEL VAN DEN BERGH 



the form 




,A; + 1 



k-1 

and put Wk = Ws^ • To fix the sign we order the vertices according to their labels and the 
outgoing edges of the central vertex according to their ending vertex. 

Now we compute Wr and Ur for a graph as in (10.5). First we consider Wp- Assume that 
there are s wheels of size h,. . . ,ls respectively. 

Write gi for the the edge emanating in LUa. for i = 1, . . . , j and for the edge connecting 7 
to ojai for i = 1, . . . ,j. Finally write hi for the edge connecting 7 to fi for i = 1, . . . ,p+l—j = 
m. Then 

Wr = (-l)im+2Mm+2j-l)/2 J ^^^^ . . . rf^^^ . . . dct>,^dct>h, ' 

To evaluate the integral we may put 7 in i G This reduces the symmetry group G^^^ to the 
identity. We may clearly choose the (^ft. freely apart from the fact that 0?^ < • • • < 4>hp+i-j ■ 
Thus we get 

= (_l)(™+2i)(™+2,-l)/2l. J dcl^g^^^^...d<P,^,,d<l>,^,,^...dcP,^,^, 

= (_1)E,<, 1.1. (_i)(™+2,)(™+2,-l)/2_i. J ^^^^^^^ , . . d<k,^^,^^d<ke,,.^ . . ■ dct>,,^,^, ■ . . 
= (_l)Ep«,'pi5(_l)(m+2j)(™+2j-l)/2(_;^)Ei2i«(2ii-l)/2j_^^^ • • • Wi, 

= (_l)2:p<,'p'<!(-_l)(™+2j)('"+2j-l)/2(_j^^J J_|^^^ •••VF;^ 

where in the last line we have used the identities {21(21 — l))/2 = Zmod2 and J^i ^ — J- 

Now we compute Wr(wai • • • Waj 7)(/i, . . . , fm)- We are short of symbols so we use the same 
symbol for an edge and for its corresponding index. Of course we use the same ordering of 
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the edges as above. We find 

Wr(Wai • • •Waj-7)(/l, • • • >/m) = 

We need a more concise way of writing this. Let be the matrix of 1-forms d{diW^) = 
dkOiiuj^dt'' . Then Ur{cOai ■ ■ ■ (^a-i7){fi, fm) is equal to 

(—1) (Tr(^Q,^^jj • ■ • Sq^^j^j) • • • Tr(£io,^jj^_|_, • • • iia„(, j+. ^) )4fi ' ' ' ^fm, l) 

= ( — 1) {dfi ■ ■ ■ dfm, T^^{^a^^ij^ + ...+i^_j^^i^) ■ ■ ■ '^a;<,(ij + ...+i^_j + i)) ' " ' ^''^{^a^(i^) ' ' ' ■^a<,(i) ) l) 

(/l> • • • ) fm) 

where the first equahty follows from (4.3) and the second equality is (9.2). So 

(_1)-(_1)^^^! HKR(Tr(S„^,^^...^,^_^^,^, • • • J • • • TV(S„„,^, • • • S,,^ JA7) 

Put 

(t^^ 7) (./l, •■•,/«) =-llai •••»yaiWr(Wai • " ' T) (A , • • ■ , /m) 

An easy computation yields 

Ur{uj'l) = (-1)J(J-i)/2(-1)"(™-i)/2to! HKR(Tr(S'=) • ■ • Tr(S'i) A 7) 
where we have extended — A — and HKR(— ) to operations over C'coord.L ^^^^ where S is the 
matrix r]ad{diU}i^) of elements of (7™°'''^ <S) flp. The entries of S have even total degree so the 
traces Tr(E!') commute. 

Now note the following simple identities 

j(i-i) ^ (E»^»)(E»^»-i) ^ , , V Hk - 1) 

(m + 2i)(m + 2j-l) m(m - 1) 
^ = ^ + J mod 2 

Collecting all signs we deduce 

WrZ^r(w^7) = (-1)^* h{h-^)/2^r^^ ...^r^^ HKR(Tr(S'i) • ■ • Tr(S'=) A 7) 

Putting temporarily 

Xi = (-l)'('-i)/2^;Tr(S') 

we find 

WrUrioj'j) = ilKR{Xi, • • • X,, A 7)) 
Now we have to enumerate the number of possible graphs F. Ordering the size of the wheels 
in increasing order we get a partition r = (l---l---r---r) where i occurs Tj times. The 
number distinct graphs corresponding to such a partition is 



Thus we find that 

J:^UjM^^^)= Y: ,^,,^,...\..2^^... HKR(XPXI---.A7) 

j>0 •'' Tl,T2,--- 



Formally we have 
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SO that we find 



So if we put 



then 



j>o 



e = ^(-i)'('-i)/2V,s' 



^ -Z^,+i(w^7) = HKR(e^(®) A 7) 
= HKR(det(e'^) A 7) 

This formula was proved under the assumption that 7 G Tpoiy(i^). However by linear ex- 
tension it follows that it remains true if 7 G (^coord.L ^ Tpo\y{F). Thus our final formula 
is 

(10.6) lA^^i = HKR(det(e®) A -) 

We now analyze the series 6 is more detail. We need to know the value of Wi. As 
explained to us by Torossian this can be obtained from the work of Cattaneo and Felder on 
the quantization of coisotropic submanifolds [9, 10]. See [36, Thm 18]. As an alternative one 
can use a tedious but elementary computation using Stokes theorem [33, (1.1)]. The result 
is the following. 

Lemma 10.1.2. We have 

(10.7) Wi = -(-lY'+^^'/^lQi 

where 6„ is the n 'th modified Bernouilli number fi„ which is defined by 

J2Qix' = -\og 

Let us finally also mention that a result similar to (10.7) was announced by Shoikhet in 
[29, §2.3.1]. It can presumably be obtained from the methods in [28]. 
Substituting we find 



e = -^(-i)'6,s' 



I 



1 e-/2 - e-=/2 
■-log ^ 



and hence 
(10.8) 



,H/2 _ „-E/2 



It will be convenient for a module N with a connection to introduce the modified Todd class 
as follows 

td(iV) = det(g(^(^))) 

where 
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It follows from Proposition 8.4.2 that the following diagram is commutative. 



dete^A- 



^poly.Caff.^ 

(C^ff.^ JL) > Ccoord.I, ^ Tpoly(F) 

Thus we get 

(10.9) Vf = 'H.KRo{td{N'''^y/^ A-) 

10.2. The global case. Now we globalize things. Let (C,C,£) be as in §7.4. Then it 
follows from Proposition 8.4.2 (specifically (8.6)) that the following diagram is commutative 
in D{0). 

td(£)i/=^A-| |td(A^''«)i/2A- 

^p''oiy(^) Tp„,y,c-.4C-ff.^ J/:) 

so that we get a commutative diagram in D{0). 



HKR(td(£)^/^A-) 



aff 



^poly(0) Dpoly.C-,^^^'^''''' J/:) 

where td(£)^/^ is as defined in the introduction. Since the horizontal isomorphisms as well as 
are Gerstenhaber algebra morphisms (Lemma 10.1.1) the same holds for HKR(td(£)i/2A 
— ) as well. This finishes the proof of Theorem 1.3 in the case k contains the reals and the 
Todd class is replaced by the modified Todd class. 

10.3. Proof for the ordinary Todd class. We have 

td(£) = td(£) det(e-"^(^)/2) 
= td(£)e-T^(^(^))/2 
= td(£)e-"i(^)/2 

In other words it is sufficient to prove that e~"^^'^^/^A— defines an automorphism of T^iy(O) 
as a Gerstenhaber algebra in D{X). 

We may as well prove that e~'^^~^^^ A — is compatible with the Lie bracket and the 
cupproduct on C"^o°'-<i Tpoiy(-F) or equivalently that Tr(S) A - is a derivation for these 
operations. We have Tr(S) = J^i a 'nad{dnjj\). Put ha = Yli diOJ^- Since everying is C'c°ord,£ 
linear it is suffient to prove that dba A — is a derivation for the Lie algebra and cupproduct 
on Tpoiy(F). 

Since this fact is clear for the cupproduct we only look at the Lie bracket. For D,E £ 
T^oiyiF) we have 

dbaA[D,E] = [D,E]{ba) 

= D{E{ba) - E{D{ba)) 

= D{dba AE)- E{dba A D) 

= [D, dba AE] + [dba A D, E] 

finishing the proof. 
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10.4. Arbitrary base fields. Now we let k be arbitrary (of characteristic zero) and we 
choose an embedding A; C C. It foUows from the formulas (10.6) and (10.8) that Uu,1j while 
initially defined over C (M in fact), actually descends to k. We will denote the descended 
morphism by u. 

Now note the following. 

Proposition 10.4.1. (1) There exist wr & k for T G Gm,n, which are zero when Wr is 
zero, such that for 

l{a,(3)= ^ wr^^r(a/3w""^) 

n,m>0,reG„,TO 

we have 

(10.10) [u{a),u{P)] - w([a, /?]) + d{l{a, (3)) - l{da, p) - (-l)l"l/(a, dP) = 

(2) There exist vjr & k for T e Gm,n,i, which are zero when Wr is zero, such that for 
h{a,f3)= wrUr{a(3u''-^) 

n,m>0,reG„,™,i 

we have 

(10.11) u{a) U u{l3) - u{a U /?) + d{h{a, /?)) - h{da, /?) - (-l)l"l/i(a, d/S) = 

Proof. The equations (10.10)(10.11) are linear in wr, wr- By the fact that Ua, is a ioo- 
morphism and Proposition 9.1 there is a solution over C. Hence there is a solution over k 
(for example obtained by applying an arbitrary projection C ^ fc). □ 

We can now proceed as in §10.1,10.2 (using an analogue of Lemma 10.1.1) to construct a 
commutative diagram 



where v'^^ commutes both with the Lie bracket and the cupproduct up to a global homotopy. 
Using the fact that the formula (10.6) continues to hold 

u = HKRo(det(e) A-) 

we can now continue as in §10.2 to finish the proof of Theorem 1.3. 
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